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Abstract: Nonlocally related partial differential equation (PDE) systems are useful in the 
analysis of a given PDE system. It is known that each local conservation law of a given PDE 
system systematically yields a nonlocally related system. In this paper, a new and comple- 
mentary method for constructing nonlocally related systems is introduced. In particular, it is 
shown that each point symmetry of a given PDE system systematically yields a nonlocally 
related system. Examples include applications to nonlinear diffusion equations, nonlinear 
wave equations and nonlinear reaction-diffusion equations. As a consequence, previously 
. unknown nonlocal symmetries are exhibited for two examples of nonlinear wave equations. 

o I Moreover, since the considered nonlinear reaction-diffusion equations have no local conser- 

vation laws, previous methods do not yield nonlocally related systems for such equations. 

1. Introduction 

An equivalent nonlocally related partial differential equation (PDE) system can play an im- 
portant role in the analysis of a given PDE system. Each solution of such a nonlocally related 
PDE system yields a solution of the given PDE system and, conversely, each solution of the 
given PDE system yields a solution of the nonlocally related system. These corresponding 
solutions are obtained through connection formulas. More important, the relationship be- 
tween the solutions is not one-to-one. Hence, for a given PDE system, one could be more 
successful when using a standard method of analysis, especially a coordinate independent 
method, to a nonlocally related PDE system. For instance, through a nonlocally related PDE 
system, one can systematically find nonlocal symmetries and nonlocal conservation laws of 
a given PDE system. It turns out that such nonlocal symmetries and nonlocal conservation 
laws arise as local symmetries and local conservation laws of the nonlocally related system. 
Thus any method depending on local symmetry analysis is valid for nonlocal related PDE 
systems. For example, one can construct an explicit non-invertible mapping that maps a 
given nonlinear PDE system to a linear PDE system if a nonlocally related system can be 
linearized. Consequently, it is of great interest to systematically find such nonlocally related 
systems for a given PDE system. A systematic procedure for finding nonlocally related PDE 
systems is presented in [1] and references therein. Here one constructs a tree of nonlocally 
related systems that consists of potential systems and subsystems. The potential systems 
arise naturally from local conservation laws. However, open problems remain: How can 
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one further systematically extend a tree of nonlocally related PDE systems for a given PDE 
system and, of particular importance, if the given system has no local conservation laws and 
no known nonlocally related subsystem? 

In this paper, we present a new systematic method for constructing nonlocally related 
PDE systems for a given PDE system via point symmetries. In particular, we will show that 
a nonlocally related system arises naturally from each point symmetry of a PDE system. 
It will be seen that this method can be considered as a generalization of the method for 
constructing nonlocally related subsystems. As a consequence, one is able to further extend 
the known procedure for the construction of trees of nonlocally related PDE systems. For 
a given PDE system, we also show that nonlocally related PDE systems arising from its 
point symmetries can also yield nonlocal symmetries. We show that if one applies invertible 
point transformations to the variables of a given PDE system, then one is able to obtain more 
nonlocally related subsystems. It will be seen that such an invertible point transformation 
does yield a nonlocally related subsystem if it is also a point symmetry of the given system. 

This paper is organized as follows. In Sect. 2, we introduce the new systematic method 
to construct nonlocally related PDE systems. In Sect. 3, the new method is applied to 
the existence problem for subsystems. In Sect. 4, the new method is used to construct 
nonlocally related systems for nonlinear diffusion equations, nonlinear wave equations and 
nonlinear reaction-diffusion equations. In Sect. 5, the calculation of point symmetries for 
the nonlocally related systems constructed in Sect. 4, is shown to yield nonlocal symmetries 
for the considered example equations. Finally, in Sect. 6, the new results in this paper are 
summarized and open problems are posed. 

In this work, we use the package GeM for Maple [2J for symmetry and conservation 
law analysis. 



2. New method: nonlocally related PDE systems arising 
from point symmetries 

Notation: Throughout this paper, in the situation of n independent variables x = (x\ x") 
and m dependent variables u = (u\ u'"). Let 



ii,...,ip = l,...,n; ^ = l,...,m 



dx'' ...dx'p 

denote the set of all partial derivatives of order p and du = d^u. 

Consider a scalar PDE R{x, t\ u] with one dependent variable u and two independent vari- 
ables {x, t): 

F(x, t, u, Ut, Ux, d^u, d'^u) = 0. (2.1) 
A systematic method to construct nonlocally related PDE systems of the scalar PDE R{ jc, t; u) 



(12.11) is presented in [3]. Here, the starting point is to use a local conservation law of the scalar 
PDE K{x, t;u}^3: 

Dt^{x, t, u, Ut, Ux, d^u, d'u) + Dx^ix, t, u, Ut, Ux, d^u, d'u) = 0. (2.2) 
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Based on the conservation law (12.21) . one constructs a corresponding nonlocally related PDE 
system (potential system) S{x, t; u, v} given by 

Vx = 0(;c, t, u, Uf, Ux, d^u, d'u), 

Vt = -^(x, t, u, Ut, Mjc, d^u, d'u), (2.3) 
F{x, t, u, u,, Ux, d^u, d'^u) = 0. 

In this paper, instead of using a conservation law as the starting point, we present a new 
systematic method to construct nonlocally related PDE system through the use of a point 
symmetry as the starting point. 

Suppose a scalar PDE R{x, t\ u) (|2.1I) has a point symmetry with infinitesimal generator 
X. By introducing canonical coordinates X = X{x, t, u), T = T(x, t, u) and U = U(x, t, u), one 
is able to map the infinitesimal generator X into the canonical form Y = ^ corresponding 
to the invariance of PDE R{x, (12.11) under translation in U. Consequently, the scalar 
PDE R{x, t; u} (12.11) becomes the invertibly equivalent scalar PDE R{X, T\ U) in terms of the 
canonical coordinates (X, T, U). The PDE R{X, T\ U} is of the form 

F{X,T,UT,Ux,...,d'U) = 0. (2.4) 

Introducing new variables a and /3, related to the first partial derivatives of U, one 
obtains the PDE system R{X, T; U, a,fi} given by 

or = Ut, 

P = Ux, (2.5) 
FiX,T,a,/3,...,d'-'a,d'-'fi) = 0, 

where F{X, T, a,/3, d^'^a, d''~^j3) is obtained from F{X, T, Ut, Ux, d^'U) after making 
the appropriate substitutions. 

By construction, the PDE system R{X, T; U, a,/3} (12.51) is equivalent and locally related 
to the scalar PDE R{X, T;U} (|2.4I) . and hence equivalent and locally related to the given 
scalar PDE R{x, t:u]fa7[\i. 

Excluding the dependent variable U from the PDE system R{X, T; U, a,/3} (|2.5I) . one 
obtains the PDE system R{X, T;a,/3} 

ax = fir, 

F{X, T, a,/3, d'^-^a, d'^-^/S) = 0. ^ 

The PDE system R{X, T; a,/3} is nonlocally related and equivalent to the PDE R{X, T; U] 
In particular, if [/ = 0(X, T) solves the PDE R{X, T; U) dH), then {a,P) = (^^P, ^^^) 
is a solution of the PDE system R{X, T; a,l3} ^M- Conversely, if (a,/3) = (S(X, T), n(X, T)) 
solves the PDE system R{X, T; a,/3} (12.61) . due to the integrability relation Utx = Uxt, there 
is a corresponding solution U = &{X, T) of the PDE R{X, T; U}. Moreover, the correspond- 
ing solution of the PDE R{X, T; U) (12.41) is unique to within an arbitrary constant, i.e., if 
U = Q(X, T) solves the PDE R{X, T; U] ^M, so does U = Q(X, T) + C for any constant 
C. Moreover, since the scalar PDE R{X, T; U] (IX^ and the given scalar PDE R{x, t; u) (1^ 
are invertibly related, one concludes that the PDE system R{X, T;a,/3} (12.61) is a nonlocally 
related PDE system of the given PDE R{x, t; u) (12.11) . Hence, the following theorem has been 
proved. 
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Theorem 2.1. Any point symmetry of a given scalar PDE R{x, t; u} (|2.1I) yields a nonlo- 
cally related equivalent PDE system of R{jc, t\ u} (12.11) given by the PDE system (12.61) . 



Corollary 2.1. Consider a scalar PDE R{x, u) given by 

Ut = F{x,t,Ui,...Un), (2.7) 

where m„ = 0. Let = u^^. Then the scalar PDE 

Pt = DrF(x,t,/3,...,/3,^i) (2.8) 
is nonlocally related to the PDE R{x, t; u} (12.71) . 



Proof. Introducing the new variables a and jS, related to the first partial derivatives of u, one 
obtains the following locally related PDE system R{x, t\ u, a,/3} of the given PDE R{x, t; u} 
(lO) : 

a = Ut, 

/3 = u,, (2.9) 
a = F(x, t,fi, ...Pn~\)- 

Excluding the dependent variable u from the PDE system R{jc, t\ u, a,/3} (12.91 ). one obtains 
the PDE system R{x, t; a,/3} 

^ (2 10) 

From the previous discussion, the PDE system ti{x,t;a,/3} (12.101) is nonlocally related to 
(12.71) . Furthermore, one can exclude the dependent variable a from the PDE system R{x, t; a,/3} 
(12.101) to obtain the scalar PDE R{x, t; /?} 

pt = D,F{x,t,p,...,pn-i). (2.11) 

Since the excluded variable a can be expressed from the equations of the PDE system 
R{jc, f;a,/3} (|2.10l) in terms of /3 and its derivatives, the PDE R{jc,?;/3} (|2.11l) is locally re- 
lated to the PDE system R{x, t; a,/3} (ITTOl) . Hence, the PDE R{x, t;/3} (12111) is nonlocally 



related and equivalent to the given PDE R{jc, m} (12.71) . □ 



Note 1.1. The situation for a PDE system with at least two dependent variables: As pre- 
sented above, the effective starting point of this method is that the given PDE is invariant 
under translation of its dependent variable. Now suppose a PDE system with at least two 
dependent variables has a point symmetry. Introducing canonical coordinates, one can al- 
ways rewrite the given PDE system in a form that is invariant under translation of one of its 
dependent variables. Thus, in principle, one can apply this method to any PDE system that 
admits a point symmetry. Details will be presented in the next section. 

Note 1.2. Connection between our new method and the known potential systems method. 
Our new method does not require the existence of a local conservation law of a given PDE 
system. Thus the new method is complementary to the previously known method for con- 
structing nonlocally related PDE systems, especially in the case when a given PDE system 
is a scalar PDE. 
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Note 1.3. The situation for a PDE system with at least three independent variables: Our 
method can be adapted to a PDE system which has at least three independent variables. 
Without loss of generality, consider a scalar PDE R{x; u} with one dependent variable u and 
n independent variables x = {x^ , ...,x"): 

F{x,u,du,d^u, ...,d''u) = 0. (2.12) 

Suppose the scalar PDE R{x; u} (12.121) has a point symmetry with infinitesimal generator X. 
Introducing canonical coordinates X' = X'(x^, x", u), i = I, n, and U = U{x^, x", u), 
one can map the scalar PDE R{jc; u) (12.121) to an invertibly equivalent and hence locally 
related PDE R{X; U) {X = (X\ X")) of the form 

Fix, Ux^,..., Ux-u d'U, d'U) = 0. (2.13) 

Introducing the new variables a = (a^, a"), related to the first partial derivatives of U, one 
obtains the PDE system R{X; U, a} given by 



a' = Uxi, i = l,...,n, 
F{X,a,da...,d^-^a) = 0, 



,^-U^-n (2.14) 



where F{X, a, da..., d'^'^a) is obtained from F{X, Ux' , Ux",d^U, d^U) after making the 
appropriate substitutions. The PDE system (12.141) is locally related to the PDE (12.131) . Ex- 
cluding U from the PDE system (12.141) . one obtains the PDE system 



- a^, = 0, i,j = l,...,n, 
F{X,a,da...,d''-^a) = 0. 



(2.15) 



By construction, the PDE system (12.151) is nonlocally related to the scalar PDE (12.131) . hence 
nonlocally related to the scalar PDE (|2.12l) . Moreover, since the PDE system (12.151) has curl- 
type conservation laws, it is possible to yield nonlocal symmetries of the scalar PDE (12.121) 
from the PDE system (12151) UMB- 



3. Subsystems arising from invertibly related PDE systems 
of a given PDE system 

In [HI and references therein, it is shown that an important way of obtaining a nonlocally 
related system for a given PDE system with at least two dependent variables is through 
consideration of subsystems of the given PDE system. In particular, subsystems can arise 
directly through the elimination of one or more of the dependent variables of the given PDE 
system as well as indirectly through the elimination of one or more of the resulting dependent 
variables following a point transformation that involves an interchange of one or more of the 
dependent and independent variables of the given PDE system. 

More generally, in principle any invertible point transformation of the dependent and 
independent variables of a given PDE system can be used to exclude one or more resulting 
dependent variables to obtain additional nonlocally related subsystems. However, often such 
an invertible point transformation does not lead to the exclusion of one or more dependent 
variables so that no subsystem is obtained. Moreover it can often happen that a resulting 
subsystem is not locally related to the given system. 
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Most importantly, the new method outlined in Sect. 2, indicates that if an invertible 
point transformation of the dependent and independent variables of a given PDE system is 
also a point symmetry of the given PDE system, then one always obtains, constructively, a 
nonlocally related system of the given PDE system. This is summarized in the following 
theorem. 



Theorem 3.1. Consider a PDE system R{x, t; u) with two independent variables {x, t) and / 
dependent variables u = {u\ u'), I > 2. Suppose R{x, t; u} has a point symmetry. In terms 
of its canonical coordinates, the point symmetry of R{x, t; u} is an invertible point transfor- 
mation that maps R{x, t; u] to a locally related PDE system S{X, T; U} that has an explicit 
dependence on at most Z - 1 dependent variables. A nonlocally related system of the PDE 
system R{x, t\ u] arises naturally from the PDE system S{X, T\ U). 

Proof. Suppose the PDE system R{x, t\ u) has a point symmetry with infinitesimal gener- 
ator 

d d d 

X = ^(x,t,u)— + T(x,t,u)— + rf{x,t,u)—. (3.1) 
ox ot ou^ 

Let T be an invertible point transformation acting on (jc, t, w)- space, which is given by 

X = f(x, t, u), 

T = g(x,t,u), (3.2) 
= il/^{x,t,u\ v=l,...,/. 

Then T sends the PDE system R{jc, t\ u} to the PDE system S{X, T; U) and the infinitesimal 
generator (13.11) to the infinitesimal generator !Fh.(X), where !F*(X) is given by 

rm = (^/, + rf, + 77Y«'0 ^ + (^g. + Tg, + gu^) + (^r. + r>y; + ri^K) (3-3) 

Since T is an invertible point transformation, !F*(X) is a point symmetry of PDE sys- 
tem S{X, T;U}. One can now choose the transformation (13.21) to correspond to canonical 
coordinates for the point symmetry (13.11) . This is accomplished by setting 

^/, + t/, + 77X. =0, 
^gx + Tg, + rj^gu^' = 0, 

^iK + Tiy; + r]^iy:, = o, p = i,...,/-i, ^^-^^ 

so that !F*(X) = which implies that PDE system S{X, T; U} is invariant under translation 
in [/'. Consequently, one can apply the procedure introduced in Sect. 2 to PDE system 
S{X, T;U} to generate a subsystem. Since the linear PDE system (13.41) always has nontrivial 
solutions, one is able to find a family of invertible point transformations that maps R{x, t; u) 
to a PDE system S{X, T; U} which yields a nonlocally related system from the exclusion in 
PDE system S{X, T;U} of an explicit dependence on the translated canonical variable U' that 



arises from the solution of system (13.41) . 

Without loss of generality, we complete the proof for the case when Z = 2. In this case, 
the PDE system S{X, T; U} can be rewritten as 

F'-(X,T,U\U'^,UlUj,Ul,...) = 0, (r= 1,2,...,5. (3.5) 



6 



Letting a = U]. and /3 = U\, one obtains the locally related PDE system S{X, T; , U'^, a,j3} 
of the PDE system (13.51) given by 

a = Uj, 

13 = Ul, (3.6) 
F-(X,r,C/\C/i,C/^,a,/3,...) = 0, cr = 1, 2, 5. 

Excluding the dependent variable from the PDE system (13.61) . one obtains the PDE system 
S{X,T\U\a,li} given by 

F'^(Z,r,f/i,f/},C/^,a,A...) = 0, (T=\,2,...,s, 
which is nonlocally related to the PDE system (13. 5|) □ 



4. Examples of nonlocally related PDE systems arising from 
point symmetries 

Example 4.1. Consider the scalar nonlinear diffusion equation 

Vt = K{v,)v^^, (4.1) 

where K {Vx) is an arbitrary constitutive function. 

Firstly, from its invariance under translations of its dependent variable v, one can apply 
directly the method presented in Sect. 2 to equation (|4.1I) . Letting u = Vx, f = v,, one obtains 
the corresponding locally related PDE system of (14.11) given by 

u = Vv, 

/ = Vr, (4.2) 
/ = K(u)Ux. 

Excluding v from the PDE system (14.21) . one obtains the nonlocally related PDE system of 
(14.11) given by 

^ t'; , (4.3) 

Excluding / from the PDE system (|4.3I) . one finds that a nonlocally related PDE of (14.11) is 
given by the nonlinear heat equation 

Ut = {K{u)Ux)x- (4.4) 

Secondly, since equation (|4.1I) is invariant under translations of its independent variable 
X, one can interchange x and v to get an invertibly related PDE of the PDE (14.11) given by 



xt = ■ (4.5) 

Introducing new variables w = Xv and g = jc,, one obtains the locally related PDE system of 



the equation (14. 1|) given by 

W = Xv, 



g = Xt, (4.6) 
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Excluding x from the PDE system (14.61) . one obtains the nonlocally related PDE system of 



the equation (14.11) given by 



Moreover, one can exclude the variable g from the PDE system (14.71) to get the locally 
related PDE of the PDE system (14.71) given by 



Wt 



w2 



(4.8) 



which in turn is nonlocally related to the nonlinear diffusion equation (|4.1I) . 

Thirdly, since equation (14.11) is invariant under translations of its independent variable 
t, one can interchange t and v to get an invertibly related PDE of the PDE (14.11) given by 

tl - 2K (-|) tJ,X + K (-|) tX + K(-f) h.tl = 0. (4.9) 
Introducing new variables a = ty and = t^, one obtains the locally related PDE system of 



the equation (14.11) given by 

/3 = t,, (4.10) 
Excluding t from the PDE system (14.101) . one obtains the nonlocally related PDE system of 



(4.11) 



the equation (14.11) given by 



Finally, since equation (14.11) is invariant under the scaling symmetry generated by X = 
jcj^ + 2tj^ + '^^^ corresponding canonical coordinates transformation given 

hy 

T = l (4.12) 
y = ln;c 

to map the nonlinear diffusion equation (14.11) to the invertibly related PDE 
+2K[l^I^0^)xVxVj + 4K(^^^^^^^)x^V^^Vxx = 0. 

(4.13) 

Introducing new variables (p = Vj and i^/ = Vx, one obtains the locally related PDE system 
of the equation (14.11) given by 

(f = Vt, 
^ = Vx, 

_^^2 _ 4^ (111^) ^^^^ ^ ^ (111^) ^ 4^ (111^) ^^^^ 
-i^(^il^) ^2 _ 8i^(llI^)xV^x^ + 4if 



Excluding V from the PDE system (|4.15l) . one obtains the nonlocally related PDE system of 
the equation (14.11) given by 

(fx = ^T, 

_^^2 _ 4^ ^ J ^^^^ ^ ^ ^ l+T^ J ^ 4^ ^ l+T^J ^^^^ 
_^^li7:^J^2^8^(llI^);^2^"^^^ + 4^(l±I^ (4.15) 

Now take as the given PDE the nonlinear heat equation (14.41) . From its invariance under 
translations in x, one can interchange x and u to obtain the locally related PDE 




(4.16) 



Accordingly, let p = Xu and q = Xf Then one obtains the following locally related PDE of 
the nonlinear heat equation (14.41) : 

P = Xu, 

q = Xt, (4.17) 

Excluding the variable x from the PDE system (|4.17l) . one obtains the nonlocally related 
PDE system of (14.171) given by 




(4.18) 



Finally, after excluding the variable q from the PDE system (14.181) . one obtains the locally 
related subsystem of (14.181) given by 




(4.19) 



By construction, the PDE (14.191) is nonlocally related to the nonlinear heat equation (14.41) . 
The relationship between the constructed nonlocally related PDE systems is indicated in 
Figure 4.1. 
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Figure 4.1 



Example 4.2. As a second example, consider the nonlinear wave equation 

Utt = (,C^(u)U:c)x 
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(4.20) 



with an arbitrary constitutive wave speed function c{u). 

In ^61, a tree of nonlocally related systems was constructed for the nonlinear wave equa- 
tion (14.201) through conservation law analysis and subsystems obtained by exclusions of de- 
pendent variables. We now show how to use point symmetries of the following potential 
system of the nonlinear wave equation (|4.20l) 



Vx = u,, 
Vt = c^(u)u 



_ .2,.... (4.21) 



to obtain further nonlocally related PDE systems of the nonlinear wave equation (14.201) . 

Due to its obvious invariance under translations in v and t, the PDE system (14.211) has a 
point symmetry with the infinitesimal generator + ^- Corresponding canonical coordi- 
nates yield an invertible point transformation *P of the form : 

X = x, 

r,""' (4.22) 
U = t + v, ^ ^ 

V = v. 

The transformation (14.221) maps the potential system (14.211) to the invertibly related PDE 
system 

VxUt - VtUx - I = 0, 

Vt + c\T)Ux - c\T)Vx = 0, ^ ' 

which is invariant under translations in U and V. 

First of all, by excluding the dependent variable V from the PDE system (14.231) . one 
obtains its nonlocally related subsystem given by 



c\T)Uxx - c\T)UxxUl - c\T)UttUI - 2c\T)Utx + 2c\T)UtxUtUx 
-2c{T)c'{T)Ux + 2c{T)c'{T)UIUt + Utt = 0, 



which, in turn, is a nonlocally related scalar PDE for the nonlinear wave equation (14.201) . 

Secondly, by excluding the dependent variable U from the PDE system (14.231) . one 
obtains another nonlocally related subsystem given by 

- 2c{T)VxVtVtx + c{T)VxxVj - c\T)Vxx + c{T)VIVtt - 2c'{T)VIVt = 0, (4.25) 

which, in turn, is another nonlocally related scalar PDE for the nonlinear wave equation 
(4.13). 



Note 4.1. After using the point (hodograph) transformation x = x{u, v), t = t{u, v), the given 
potential system (14.211) becomes the invertibly equivalent and thus locally related linear PDE 
system 

^" " ""'L ^ (4.26) 

Consequently, the linear wave equation 

x,.„ = (c-\u)Xu)^ (4.27) 

is obtained by excluding the dependent variable t from the PDE system (14.261) . Now note 
that in the scalar PDE (14.251) X = x,T = u,V = v. Thus the invertible point transformation 
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v = V,u = T,x = X maps (14.251) to the linear wave equation (14.271) . 



Example 4.3. As a third example, consider the nonlinear reaction-diffusion equation 

Ut - u^x = Qiu), (4.28) 

where the reaction term Q{u) is an arbitrary constitutive function. For any nonlinear function 
Q{u), the nonlinear reaction-diffusion equation (14.281) has no nontrivial local conservation 
law. Consequently, one cannot construct a nonlocally related PDE system of the nonlinear 
reaction-diffusion equation (14.281) via the conservation law-based method. In contrast, one 
can construct nonlocally related PDE systems of the scalar PDE (14.281) via the symmetry- 
based method introduced in this paper. The point symmetry classification of the nonlinear 
reaction-diffusion (14.281) is presented in [7] and exhibited in Table 4.1. 

Table 4.1 Point symmetry classification for the nonlinear reaction-diffusion equation (14.281) 



Q{u) 


# 


admitted point symmetries 


arbitrary 


2 


- rj;, A2 - ^. 


u"{a ^ 0, 1) 


3 


Xi, X2, X3 = - (a - l)t-^ - ^JC^. 


e" 


3 


Xi, X2, X4 = £ - ?! - ^x£. 


ulnu + bu 


4 


X], X2, X5 = we ^, Xg = 2e ^ - xue ^. 



For arbitrary Q(u), the nonlinear reaction-diffusion equation (14.281) has the exhibited 
two point symmetries: Xi and X2. Therefore, using the method introduced in Sect. 2 one 
can use interchanges of x and u and also t and u to construct two nonlocally related PDE 
systems of the nonlinear reaction-diffusion equation (14.281) . 

Firstly, after an interchange of the variables x and u, the nonlinear reaction-diffusion 
equation (14.281) becomes the invertibly related PDE given by 

Xuu - Q(n)xl 

Xt = , " . (4.29) 

4 

Corresponding to the invariance of PDE (14.291) under translations of its dependent variable 
X, one obtains the following locally related PDE system for the nonlinear reaction-diffusion 
equation (14.281) : 

V = Xu, 

w = Xt, (4.30) 

Excluding x from (14.301) . one obtains the nonlocally related PDE system of the nonlinear 
reaction-diffusion equation (14.281) given by 

Vf = w„, 

- vu-Q(u)v^ (4.31) 
w — — . 

V- 

In addition, one can exclude w from the PDE system (14.311) to get the scalar PDE 

(4.32, 

By construction, the scalar PDE (14.291) is locally related to the PDE system (|4.31|) . and hence, 
nonlocally related to the nonlinear reaction-diffusion equation (14.281) . 
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Secondly, after an interchange of the variables t and u, the nonlinear reaction-diffusion 
equation (14.281) becomes 

tl + txxtl - ^tJuxtu + tltuu - Q{u)tl = 0, (4.33) 

which is not in solved form and has mixed derivatives. Corresponding to the invariance 
of PDE (14.331) under translations of its dependent variable t, one introduces new variables 
a = tx and /3 = to obtain the locally related PDE system of the nonlinear reaction-diffusion 
equation (14.281) given by 

a = fv, 

yS = (4.34) 

/3'- + a,/3^ - 2aa,fi + a^pu - Q(u)0^ = 0. 

Excluding t from PDE system (14.341) . one obtains another nonlocally related PDE system of 
the nonlinear reaction-diffusion equation (14.281) given by 



a« -ySx = 0, 



2 ,^,p2_ 0^,^ p _j_ ^,2n _ nr,ApS _ A (4.35) 



When Q(u) = u", {a ^ 0, 1), the nonlinear reaction-diffusion equation (14.281) admits one 
additional point symmetry X3. Without loss of generality, we consider the case Q{u) = w'. 
Canonical coordinates induced by X3 are given by 

X = xu, 

T = ^, (4.36) 
U = -Inx. 

In the (X, T, U) coordinates system, the corresponding nonlinear reaction-diffusion equation 
(14.281) becomes the invertibly related PDE 



-UtUI + ATUtxUx + Uxx - ^UxxTUt - 3[/| - 2XUl + IOTUtUI 
-%T^UtUtxUx + 4T^UjUxx + 4T^UIUtt -X^Ul = 0. 



Accordingly, introducing the new variables p = Ux and q = Uj, one obtains the locally 
related PDE system of the nonlinear reaction-diffusion equation (14.281) given by 

P = Ux, 

^ ^ (4. 38^ 

-qp'^ + ATqxP + Px - ^Tpxq - 3p^ - IXp^ + lOTqp^ - ST^qqxP ^ ^ ^ 

+4T^q^Px + 4T^P^qT - X^p^ = 0. 

Excluding U from the PDE system (14.381) . one obtains an additional nonlocally related PDE 
system of the corresponding nonlinear reaction-diffusion equation (14.281) given by 

Pt = qx, 

-qp^ + ATqxP + Px - ^Tpxq - 3/ - 2Xp^ + lOTqp^ - ST^qqxP (4.39) 
+4T^q^Px + AT^p^qr - X^p^ = 0. 

When Q{u) = e", the nonlinear reaction-diffusion equation (14.281) admits one additional 
point symmetry X4. Canonical coordinates induced by X4 are given by 

X = u + 2\nx, 

T = ^, (4.40) 
U = -2\nx. 
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In the {X, T, U) coordinates system, the corresponding nonlinear reaction-diffusion equation 
(14.281) becomes the invertibly related PDE 



-UtUI - 2Ul - 2Ul + 6TUIUt + STUtxUx + ^Uxx - ^TUxxUt 
-ST^UtUtxUx + 4T^UjUxx + 4T^UIUtt -e^Ul = 0. 



It follows that the introduction of the new variables r = Ux and s = Uj yields the locally 
related PDE system of the nonlinear reaction-diffusion equation (14.281) given by 

r=Ux, 

^ ~ (A AT\ 

-sr^ - 2r2 - 2r^ + 6Tr^s + STsxr + Arx - STrxS - ST^ssxr ^ ' ' 

+4T^s^rx + 4T^r^ST - = 0. 



Excluding U from the PDE system (14.421) . one obtains a third nonlocally related PDE system 
of the corresponding nonlinear reaction-diffusion (14.281) given by 

— Sx, 

-sr'^ - Ir^ - Ir' + (fTr^s + %T Sxr + 4rx - ^Tr^s - ST^ssxr (4.43) 
+4T^s^rx + AT'^r^sj - = 0. 

When Q{u) = m In w -I- bu, the nonlinear reaction-diffusion equation (14.281) has two addi- 
tional point symmetries X5 and Xe. Without loss of generality, we consider the case oib = 1, 
i.e., Q{u) = ulnu + u. 

Canonical coordinates induced by X5 are given by 

X = x, 

T = t, (4.44) 
U = e~'lnu. 

In the {X, T, U) coordinates system, the corresponding nonlinear reaction-diffusion equation 
(|4.28l) becomes 

Ut = Uxx + e^Ul + e-'^. (4.45) 

Thus one introduces the new variables ^ = Ux and 6 = Ut to obtain the locally related PDE 
system of the nonlinear reaction-diffusion equation (14.281) given by 

^=Ux, 

e = Ut, (4.46) 

e = ^x + e^^^ + e-^. 

Accordingly, one can exclude U and 9 from PDE system (14.421) to obtain the nonlocally 
related scalar PDE of the corresponding nonlinear reaction-diffusion (14.281) given by 

CT = ^xx + 2e^ax. (4.47) 
Canonical coordinates induced by X6 are given by 

A = e 4 M, 

T = t, (4.48) 
U = {e-'x. 
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In the {X, T, U) coordinates system, the corresponding nonlinear reaction-diffusion equation 
(14.281) becomes 

(4.49) 



Ut — 



AUi 



Hence, introducing the variables (p = Ux and \p = Ut, one obtains the locally related PDE 
system of the corresponding nonlinear reaction-diffusion equation (14.281) given by 



V = Ux, 
^=Ut, 



(4.50) 



Excluding U and if/ from the PDE system (14.421) . one obtains another nonlocally related PDE 
system of the corresponding nonlinear reaction-diffusion (14.281) given by 



e-^^ (fix -2X<p^ -AX In Xif^ 



(4.51) 



The relationship between the constructed nonlocally related PDE systems for the non- 
linear reaction-diffusion equation is illustrated in Figure 4.2. 




u\nu + u 



ulnu + u 



(|4.47|) 




(|4.39|) 




(14.291) 




(14.351) 




(14.431) 




(|4.51|) 



Figure 4.2 



5. Nonlocal symmetries for examples presented in Section 
4 

A symmetry of a PDE system is any mapping of its solution manifold into itself, i.e., a 
symmetry maps any solution of a PDE system to a solution of the same system. Conse- 
quently, continuous symmetries of PDE systems are defined topologically and hence not 
restricted to just point or local symmetries. Thus, in principle, any nontrivial PDE system 
has symmetries. The problem is to find and use symmetries. Practically, to find a symme- 
try of a PDE system systematically, one is essentially restricted to transformations acting 
locally on some finite-dimensional space, whose variables include but are not restricted to 
just the independent and dependent variables of the PDE system. From this point of view, 
local symmetries, whose infinitesimals depend at most on a finite number of derivatives of 
the dependent variables of the given PDE system, constitute only a subset of the total set of 
symmetries of a PDE system. Otherwise, there exist nonlocal symmetries of a PDE system. 
When nonlocal symmetries can be found for a given PDE system, it may be possible to use 
such symmetries systematically to generate further exact solutions from its known solutions, 
to construct invariant solutions, to find linearizations, or find additional nonlocally related 
systems. However, when one directly applies Lie's algorithm to the find nonlocal symme- 
tries, the coefficients of the infinitesimal generators should essentially involve integrals of the 
dependent variables and their derivatives [ISUTOl. It is difficult to set up and obtain solutions 
of corresponding determining equations for such coefficients. 

In [HI and references therein, systematic ways are presented to find nonlocal symmetries 
by applying Lie's algorithm to nonlocally related PDE systems. In the framework of such 
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nonlocally related PDE systems, nonlocal symmetries of a given PDE system R{x, t; u) can 
arise from point symmetries of any PDE system in a tree of nonlocally related systems that 
includes R{jc, t; u). In particular, three different types of such symmetries can be found. 

1 . Nonlocal symmetries arising from point symmetries of potential systems of R{x, t; u). 

2. Nonlocal symmetries arising from point symmetries of nonlocally related subsystems 
of R{x, t; u}. 

3. Nonlocal symmetries arising from point symmetries of nonlocally related subsystems 
of potential systems of R{x, t; u}. 

For Type 1, a point symmetry of a potential system of R{x, t; u} yields a nonlocal sym- 
metry of R{x, t\ u} if and only if the infinitesimal components corresponding to its given 
variables {x, t, u) involve nonlocal variables. For Types 2 and 3, one must trace back to see 
whether the obtained point symmetry yields a nonlocal symmetry of Rfx, t; u). 

In this section, we apply point symmetry analysis to the examples presented in Sect. 
4 to seek nonlocal symmetries. A point symmetry classification analysis for all nonlocally 
related systems arising for the reaction-diff"usion equation (4.2), i.e. Example 4.3, yields 
no nonlocal symmetries. In the following subsections, we list the corresponding nonlocal 
symmetries obtained for Examples 4.1 and 4.2. 

5.1 Nonlocal symmetries for the nonlinear diffusion equation (14.11) and 
the nonlinear heat equation (14.41) 

In [Q, the point symmetry classification is given for the PDE system 

= (5.1) 

V, = K{u)Ux, 

which is locally related to the nonlinear diff"usion equation (14.11) . Moreover, due to the invari- 
ance of PDE system (15.11) under translations in v, as shown in Sect. 2, the method presented 
in this paper systematically yields the nonlinear heat equation as a nonlocally related sub- 
system of (15.11) and hence as a nonlocally related system of the nonlinear diff"usion equation 
(|4.1I) . The point symmetry classification of system (|5.1I) is presented in Table 5.1, modulo 
the group of equivalence transformations of the class of PDEs (15.11) . 

Table 5.1 Point symmetry classification for the PDE system (15.11) 
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Kiu) 


# 


admitted point symmetries 


arbitrary 


4 


Xi = X2 = |, X3 = jcl: + 2r| + v£, X4 = 




5 


Xi, X2, X3, X4, X5 = x£ + + (1 + J)v|;. 


e" 


5 


Xi, X2, X3, X4, Xg = x-^ + 2^ + {2x + v) ^. 




OO 


Xi, X2, X3, X4, X5 (// = -2) , 

Xs = -;c(2f + v2)|: + 4/'2| + ^(6? + 2jcmv + v^)^ + 4fv|;, 
— A(,v, i)-^ — u ts\y, t wnere t^/it^v, rj, D\y, is "ii 
arbitrary solution of the linear system A, = By, A,, = B. 


U \L + UU ) 


J 


Y Y Y Y 

^Ij A.2, A3, A4, 

X9 = bv-l- + IUt§- - (1 + bu)u£ - v|;. 

tlx ' (It ^ ' ri;/ 1^1' 


(1 + 


5 


Xl, X2, X3, X4, 

Xio = b{2x + bv)l + (1 + 2^7)^1 - (1 + bufl - xi. 


(u^ + (1 + bufY^ g^arctan(M/(l+iH)) 


5 


Xl, X2, X3, X4, 




Xn = [2bx + {b^ + l)v) 1 + + 2b)tf^ - ((1 + Z7m)2 + u"-) £ 


(m^ - (1 + buf)~^ g.!arctanh(«/(l+fo«)) 


5 


Xl, X2, X3, X4, 




X12 = [2bx + {b^ - l)v) £ + + 2Z>)f| - ((1 + buf - u^) I 



In Ifm . the point symmetry classification is given for the nonlinear heat equation (14.41) . 
This classification, modulo the group of equivalence transformations of the class of PDEs 
(14.41) . is presented in Table 5.2. 

Table 5.2 Point symmetry classification for the nonlinear heat equation (14.41) 



K{u) 


# 


admitted point symmetries 


arbitrary 


3 


Yi = Y2 = |, Y3 = jc£ + 2?|. 


u^' 


4 


Yi, Y2, Y3, Y4 = -^^ + -M^;;. 


e" 


4 


Yi, Y2, Y3, Y5 = x£ + 2i. 


4 

u 3 


5 


Yi, Y2, Y3, Y4 (// = -^), Ye = x^-^ - 3xM^. 



Proposition 5.1. The symmetry Yg yields a nonlocal symmetry of the nonlinear diffusion 
equation (14.11) . 

Proof. Suppose the symmetry Ye yields a local symmetry of the nonlinear diff"usion equation 
(|4.1I) . Since the nonlinear diffusion equation (14.11) and the PDE system (15.11) are locally re- 
lated. Ye must also yield a local symmetry Ye of the PDE system (15.11) . Consequently, there 
must exist a function f{[u], [v]), where [u] and [v] denote that / depends on x, t, u, v and their 
derivatives, such that, in evolutionary form. Ye = {-3xu - x^Ux)-^ + fi[u], [v])^ is a local 
symmetry of the PDE system (15.11) . Since = u,Vt = u^^u^ and Ut = {u~3Ux)x, without loss 
of generality one can restrict /([w], [v]) to be of the form f{x, t, u, v, u^, u^x, •••) depending on 
X, t, u and the partial derivatives of u with respect to x. Firstly, suppose /([«], [v]) is of the 
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form f(x, t, u, V, Ux). Applying to the PDE system (15.11) . one obtains 

fx + fuUx + fvVx + fu.Uxx = -3XM - X^Ux, ^ _ (5 2) 

ft + fuU, + /vV, + /„,.i<r.v = \{3xu + x^Ux)u~iUx + Dx(-3xu - X^Ux)u'i 

on every solution of the PDE system (15.11) . After making appropriate substitutions and equat- 
ing the coefficients of the term Uxx, one obtains = 0. By similar reasoning, one can show 
that f(x, t, u, V, Ux, Uxx, •••) has no dependence on any partial derivative of u with respect to x. 
Hence, f([u], [v]) is of the form f(x, t, u, v). Consequently, if ¥5 yields a local symmetry of 
the nonlinear diffusion equation (14.11) . then Yg must be a point symmetry of the PDE system 
(1511) . 

Comparing Tables 5.1 and 5.2, one immediately sees that symmetry Yg does not yield a 
point symmetry of the PDE system (15.11) . This follows from the fact that when K{u) = u~^, 
the PDE system (15.11) has no point symmetry whose infinitesimal components corresponding 
to the variables {x, t) are the same as those for Yg. Hence, Yg yields a nonlocal symmetry of 
the nonlinear diffusion equation (14.11) . □ 



Note 5.1. This example demonstrates that the nonlocally related PDE system obtained by 
the method presented in Sect. 2 can yield nonlocal symmetries of a given PDE system. 



Now consider the nonlocally related class of scalar PDEs (14.81) . The equivalence trans- 
formations for this class of PDEs arise from the six generators 
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El - a^' 

dv 



Thus the group of equivalence transformations for the class of PDEs (14.81) is given by 



(5.3) 



V = asv -I- ai, 
i = ast + ae, 
w = a^w + a2, 

^ _ alal(w+a2f ^ 



(5.4) 



where ai, ag are arbitrary constants with a^, a4, as 0. 

In Table 5.3, we present the point symmetry classification of the PDE (14.81) . modulo its 
group of equivalence transformations (15.41) . 

Table 5.3 Point symmetry classification for the PDE (14.81) 



K(l/w) 


K(u) 


# 


admitted point symmetries 
in {t, V, w) coordinates 


admitted point symmetries 
in (t, V, u) coordinates 


arbitrary 


arbitrary 


3 


Zi = |, Z2 = Z3 = 2?| -h v|:. 


Z 1 , Z2, Z3 . 




u^" 


4 


Zi, Z2, Z3, 

Z4 = (2+//)v|-2w£. 


Zi, Z2, Z3. 

Z, = {2^tx)vi + 2ui. 


1 


1 

U 3 


5 


Zi, Z2, Z3, Z4 (/i = - j), 
Z5 = 3vw|- -v^l-. 


Zi, Z2, Z3, Z4 iix = -^), 
Z5 = -3mv|- -v^l-. 




U^ 


00 


Zi, Z2, Z3, Tj^ijx = -2), 

Z,=4f2|+4v?|-(2r + vV£. 
Zeo =F(?,v)|;, where Fa, V) 
satisfies Ft = Fw 


Zi, Z2, Z3, Z4 (// = -2), 
Z6 = -"v£ - 2ti 
Z,=4f2|+4vf| + (2r + v2)..£ 
Zoo = -u^F{t, v)^, where v) 
satisfies Ft = Fn,. 
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By similar reasoning as in the proof of Proposition 5.1, one can show that if a point 
symmetry Z yields a local symmetry of the nonlinear diffusion equation (14.11) . then Z must 
yield a point symmetry of the PDE system (15.11) . Comparing the infinitesimal components for 

_ 2 

the variables (u, v) in Tables 5.1 and 5.3, one sees that when K(u) = , the point symmetry 
Z5 of the PDE (14.81) yields a nonlocal symmetry of the nonlinear diffusion equation (14.11) . 

Moreover, comparing Tables 5.2 and 5.3, one also sees that when K{u) = u'^, since its 
infinitesimal component for the variable u has an essential dependence on the variable v, the 



symmetry Z5 of the PDE (14.81) yields a nonlocal symmetry of the nonlinear heat equation 
(14.41) . which cannot be obtained through its potential system (15.11) . By similar reasoning, 
when K{u) = w"^, one can show that the symmetries Zg , Z7 and Zoo of the PDE (14.81) yield 



nonlocal symmetries of the nonlinear heat equation (14.41) . 

The equivalence transformations of the class of PDEs (14.191 ) arise from the six genera- 
tors 

F. - A F „ - iiA. 4- ovA. F, - r, 

dp 



El - |-, E2 - m|- + 2K-^, E3 - ;?|- + 2>K-I^, 



T7 — fd T<r ^ 

^^4 - 'a, ^ av. 



(5.5) 



at dK' dt " "^^ du "-^i^dp 

Hence, the five-parameter group of equivalence transformations of the PDE class (14.191) . 
arising from the first five generators of (15.51) . is given by 



u = a2U + a\, 
t = a^t + as, 
P = a-ip, 

2 3 



(5.6) 
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where ai, as are arbitrary constants with a2, as, a^ + 0. 

The generator Eg yields the additional one-parameter group of equivalence transforma- 
tions given by 



1 - agw 



f = p = (\ - ac^ufp, K = (\ - a(,ufK, 



(5.7) 



where ag is an arbitrary constant. 

In Table 5.4, we present the point symmetry classification of the PDE (14.191) . modulo 
its group of equivalence transformations. 

Table 5.4 Point symmetry classification for the PDE (14.191) 



Kiu) 


# 


admitted point symmetries 


arbitrary 


2 


Wi = |, = 2ti + p^. 




3 


WuW2,W, = 2u£ + (ju-2)pf^. 




3 


WuyV2,W, = 2l+pf^. 




3 


W,,W2,Ws = 2u(l+bu)^^-p(6bu-p + 2)f^. 


(1 + buy^e"^'-^*""^ 


3 


Wi, W2, Wg = 2(1 + buf£ - pi6b'u + 6b- 1)|;. 


1 „/i arctan(H/(l+to)) 


3 


Wi, W2, W7 = 2(^2 + (1 + buf)£ - p{6b^u + 6u + 6b- A)-^. 


1 „/tarctanhfu/( !+&«)) 


3 


Wi, W2, Wg = 2((1 + buf - u^)£ - p{6b^u -6u + 6b- A)f^. 




4 


Wi, W2, W3 (// = -2), W9 = u'^^ - 3pu§-^. 
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Similar to the situation in Proposition 5.1, one can show that if a point symmetry W 
yields a local symmetry W of the nonlinear heat equation (14.41) . then W must be a contact 
symmetry (which could be a point symmetry) of the nonlinear heat equation (14.41) . In [fT2l . it 
is shown that any contact symmetry of the nonlinear heat equation (14.41) is a point symmetry 
of (14.41) . Comparing Tables 5.2 and 5.4, one immediately sees that the symmetry W5 yields a 
nonlocal symmetry of the nonlinear heat equation (14.41) . since when K(u) = u^{l + buy^^^^\ 
the nonlinear heat equation (14.41) has no point symmetry whose infinitesimal component cor- 
responding to the variable u is the same as that for W5 . By similar reasoning, the symmetries 
We, W7, Ws and W9 also yield nonlocal symmetries of the nonlinear heat equation (14.41) . 

5.2 Nonlocal symmetries for the nonlinear wave equation (14.201) 

In [fT3ll . the point symmetry classification is given for the class of nonlinear wave equations 
(14.201) . which is presented in Table 5.5, modulo its group of equivalence transformations. 

Table 5.5 Point symmetry classification for the nonlinear wave equation (14.201) 



c{u) 


# 


admitted point symmetries 


arbitrary 


3 


Xi = X2 = |, X3 = Jc|: + 




4 


Xi, X2, X3, X4 = [ix-^^ + a^. 




4 


Xi, X2, X3, X5 = x-^ + ^. 




5 


Xi, X2, X3, X4 (/i = -2), Xg = + tu^^. 


1 

U 3 


5 


Xi, X2, X3, X4 (^ = -|), X7 = x^-^ - lixu-^. 



In [IT4II, the point symmetry classification is given for the potential system (|4.21l) . which 
is exhibited in Table 5.6, modulo its group of equivalence transformations. 

Table 5.6 Point symmetry classification for the PDE system (14.211) 
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C(U ) 


# 

n 


damiiiea poini symmeiries 


ttTuilrary 


oo 


innniie numuer oi poini symmetries i co loiiowing irom 
the invertibly related linear system after an interchange 
of independent and dependent variables. 


arbitrary 


4 more 


V V— "^V— c^V— "^V— v-'^j./'J 


M^(/Z^0,-1) 


6 more 


Yoo, Yi, Y2, Y3, Y4, 

Y5=;^^|-"£-(l+//)v|, 

Yg = -((2// + \)tv + - (rM^+^A- + xv)l + 2uv£ 


e" 


6 more 


Yoo, Yi, Y2, Y3, Y4, 

Ys = -i2vt + x)i - e'"t£ + 2vi + {e'" + v')i. 




6 more 


Yoo, Yi, Y2, Y3, Y4, Y5 (/I = -1), 

Yg = (tv - xu)j^ - {tu~^ + jcv)£ + 2mv|j + 21nM|;. 


c{u) satisfies (a), (b) or (c): 

(a) c' = c^iT^ sinh(/ilnc) 

(b) c' = c^/i"^ sin(/ilnc) 

(c) c' = c^ix~^ cosh(/ilnc) 


6 more 


Yoo, Yi, Y2, Y3, Y4, 

Yio,„ = e^^' |((2 + Dt ± rx)| + (Vx ± c^rol - 2r| 
+2(r + 1)|), 

where Y = c/c'. 



The point symmetry classification of the PDE (14.271) . modulo the equivalence transfor- 
mations, is presented in [6J. 

The equivalence transformations for the PDE class (14.241) arise from the five generators 



"I7_cJ 17_cJ 

I 5 ^ ^ " ^ _ a d d 



e , , (5.8) 



Correspondingly, the five-parameter group of equivalence transformations for the class of 
PDEs (gJS is given by 

f = 2±T + au 
X = a4a5X + a2, 
U = a^U + a3, 
c = a^c, 

where a\, are arbitrary constants with a4, as + 0. 

The point symmetry classification of the PDE (14.241) . modulo its equivalence transfor- 
mations, is presented in Table 5.7. 

Table 5.7 Point symmetry classification for the PDE (14.241) 
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c(T) 


ciu) 


# 


admitted point symmetries 
in (X, r, i7) coordinates 


admitted point symmetries 
in {x, t,u,v) coordinates 


arbitrary 


arbitrary 


3 




Wi = i,w2 = i, 

W3 - (X + 1 c (^ja^-j^ + u + Vj^. 






4 


Wi,W2,W3 {c{T) = Tn, 

W4 - 7 ^ + + IjA^ 


Wi,W2,W3 (c(i<) = M'^), 

+ (// + i)a+v)|. 






4 


Wi,W2,W3 {c(T) = e^), 

W5 - ^ + 2x^ + ty^. 


Wi, W2, W3 (c(m) = e"), 
- ^ + 2x^ + (f + v)^. 






5 


Wi,W2, 

W3 (c(r) = r-2), W4 Ou = -2), 


Wi,W2, 

W3 (c(m) = W4 (yU = -2), 

w, = a+v)^l + .a+v)|;-if£. 


r-5 


2 

M 3 


5 


Wi, W2, 

W3 (c(r) = T-h W4 0" = -f), 
W7 = (xr-3rs)A 


Wi, W2, 

W3 {C{U) = W4 = -f), 

W7 = (^M-3Mi)£ + (xM-5-^)|. 



In order to determine whether a symmetry W of the PDE (14.241) yields a nonlocal sym- 
metry of the nonlinear wave equation (14.201) . one needs to trace back using the PDE system 
(14.231) . Since one excludes the dependent variable V from the potential system (14.231) . one 
needs to investigate how the variable V changes under the action induced by W. 

Note 5.2. Since ^P^H^) = |; - |' where is the inverse of the transformation ¥ (|4.22l) . 
the infinitesimal components for the variables x and u keep invariant when tracing back. 

Proposition 5.2. The symmetries We and W7 yield nonlocal symmetries of the PDE system 

(Aim . 

Proof. Suppose the symmetry We yielded a local symmetry Wg of the PDE system (14.211) . 
Then, in evolutionary form, Wg = (u^ - TUUj + j^Ux) ^ + F([Ul [V])-§^, where the 
function F{[U], [V]) must depend on X, T, U, V and their derivatives. By similar rea- 
soning as in the proof of Proposition 5.1, one can show that F([i7],[y]) is of the form 

/V (00) 

F(X, T, U, V, Ux, Ut)- Applying Wg to the PDE system (14.211) and making appropriate 
substitutions, one can show that the resulting determining equation system is inconsistent. 
Hence, Wg yields a nonlocal symmetry of the PDE system (14.211) . 

By similar reasoning, one can show that W7 also yields a nonlocal symmetry of the 
PDE system (|43T]) . □ 

Comparing Tables 5.5 and 5.7, one immediately sees that, when c{u) is arbitrary, the 
symmetry W3 is a point symmetry of the PDE system (14.211) . whose infinitesimal component 
for the variable t has an essential dependence on v. By projection, W3 yields a nonlocal 
symmetry of the nonlinear wave equation (14.201) . 

When c(m) = u~^, the infinitesimal components for the variables {x, u) of the symmetry 
Wg depend on the variable v. By Note 5.2, Wg yields a nonlocal symmetry of the nonlinear 
wave equation (|4.20l) . 
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2 ^ 

When c(m) = u'^, if the symmetry W? yielded a local symmetry W? of the nonlinear 
wave equation (14.201) . then W? = W? + /([w])^, where the function /([w]) depends on x, t, 
u and its derivatives. Since ^^'(^) = f^, ~ f,^ when tracing back to the PDE system (14.211) . 
the infinitesimal component for the variable v must be equal to -f([u]). Thus W? would also 
yield a local symmetry of the PDE system (14.211) . which is a contradiction since W? yields a 
nonlocal symmetry of the PDE system (14.211) . Hence, W? yields a nonlocal symmetry of the 
nonlinear wave equation (14.201) . 

Note 5.3. At a first glance, it would appear that the symmetries W4 and W5 yield nonlocal 
symmetries of the nonlinear wave equation (|4.20l) . However, this is not true since the sym- 
metries W4 and W5 yield point symmetries W4 = W4 + (ju + 1)V^ and W5 = W5 + V-^ of 
the PDE system (14.231) respectively since in terms of (x, t, u, v) coordinates, W4 = u-^ + (2// + 
+ Ou + 1)?| + (M+ Dvl = (2fx + 1)Y4 - Y5 and W5 = £ + 2x| + f| + v| = Y4 + Y7. 
Hence, by projection, W4 and W5 yield point symmetries of the nonlinear wave equation 
KM . 

Note 5.4. Proposition 5.2 implies that the symmetries We and W7 yield previously unknown 
nonlocal symmetries of the nonlinear wave equation (14.201) . 

6. Conclusion and open problems 

In this paper, we presented a new systematic procedure to construct nonlocally related PDE 
systems for a given PDE system. The starting point for this method is the existence of a 
point symmetry of the given PDE system. Our method yielded previously unknown non- 
locally related systems for nonlinear reaction-diffusion, nonlinear diffusion and nonlinear 
wave equations. In turn, it was shown that some of these new nonlocally related systems for 
nonlinear wave equations yielded previously unknown nonlocal symmetries. 

This paper shows that the existence of a point symmetry is sufficient to generate a non- 
locally related subsystem of a given PDE system. An unsolved converse problem naturally 
arises: Suppose a given PDE system generates a subsystem by cross-differentiation, then 
does the given PDE system have a point symmetry? 

Potential systems are under-determined for a given PDE system with more than two 
independent variables. It is known that point symmetries of such potential systems can at 
most yield point symmetries of the given PDE system without additional gauge constraints 
relating potential variables and their derivatives [fTSll . In the case of two or more independent 
variables, the nonlocally related systems generated by the method presented in this paper 
involve natural gauge constraints due to their construction from curl-type conservation laws. 
Can such constrained nonlocally related systems yield nonlocal symmetries? 
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